Abstract. We study the boundedness and the compactness of composition operators on some Banach function spaces such as absolutely continuous Banach function spaces on a σ-finite measure space, Lorentz function spaces on a σ-finite measure space and rearrangement invariant spaces on a resonant measure space. In addition, we study some properties of the spectra of a composition operator on the general Banach function spaces.
Introduction
Let Ω = (Ω, Σ, µ) be a σ-finite measure space. Let T : Ω → Ω be a non-singular measurable transformation, that is, µ(T −1 (A)) = 0 for each A ∈ Σ whenever µ(A) = 0. Then T induces a well-defined composition transformation C T from L(µ) into itself defined by
where L(µ) denotes the linear space of all equivalence classes of Σ-measurable functions on Ω and we identify any two functions that are equal µ-almost everywhere on Ω. If C T maps a Banach function space X into itself, then we call C T a composition operator on X induced by T.
There is a vast literature on composition operators and their applications (see [2] , [5] , [19] and [21] ).
In particular, for composition operators on measurable function spaces and their applications, one can refer to [4] , [6] , [7] , [10] , [11] , [12] , [14] , [15] , [16] , [20] , [21] , [22] The Banach function space X is defined as
where the norm · X on X has the following properties: for each f, g, f n ∈ L(µ), n ≥ 1, we have 
and
See [1] , [8] and [12] for details on rearrangement invariant spaces. The study of composition operators on Lorentz spaces L(pq, µ), 1 ≤ q ≤ p < ∞, or p = q = ∞, has been initiated in [9] .
The Lorentz spaces L pq (µ) are the Banach function spaces continuously embedded in M • under the norms
where f * * (t) = 
The main aim of this paper is to study the boundedness and the compactness of composition operators on Lorentz spaces L pq (µ), for 1 < p < ∞, 1 ≤ q ≤ ∞. In section 1, we study the boundedness of the composition operators on Banach function spaces. In section 2, we discuss the compactness of composition operators on rearrangement invariant spaces. In section 3, we study the spectra of C T on the general Banach function spaces on a σ-finite measure space and in section 4, we give some examples.
Boundedness
Let K denote the family of all characteristic functions of the members of Σ, that is, 
Corollary 2.2. Let A be a composition operator on a Banach function space X.
Then A(f · g) = A(f ) · A(g), whenever f, g, f · g ∈ X. Conversely, if (Ω, Σ, µ) is a σ
-finite Borel measure space, A is a positive bounded linear operator on an absolutely continuous Banach function space X and A(f ·g)
The following theorem gives a necessary and sufficient condition for the continuity of composition operators on the Lorentz spaces
and only if there exists some constant
Moreover,
Proof. Suppose the condition (2.1) holds. Then
Also, for each t ≥ 0, we have
So for q = ∞, we have
Also for q = ∞, we have
Thus, we conclude that C T is a bounded linear operator on L pq (µ) and clearly
So the inequality holds. Thus Proof. By using Theorem 2.3, we have
For M ≥ 1, using the fact that g * is a decreasing function, we see that
Taking the supremum over all g ∈ X with g X ≤ 1, we get
Similarly, we have
Again, taking the supremum over all f ∈ X with f X ≤ 1, we get
Thus C T is a bounded composition operator on X and X . Conversely, let E ∈ Σ with 0 < µ(E) < ∞. Then by definition χ E ∈ X and χ E ∈ X , and so we have
Multiplying the above two inequalities and using [1, Theorem 5.2, p. 66 ], we get
Thus µT
The largest rearrangement invariant space over a resonant measure space (Ω, Σ, µ) with the fundamental function ϕ X is also defined as
where the fundamental function ϕ X can be represented as the integral of a nonnegative, decreasing function, say Φ X , on (0, ∞).
Theorem 2.5. For a non-singular measurable transformation T : Ω → Ω, we have C T is bounded on V (X) and V (X ) if and only if the condition (2.1) holds.
Proof. Using the fact that Φ X is decreasing and M ≥ 1, we have
for each f ∈ V (X). Thus, C T is bounded on V (X) and also on V (X ). The converse follows along similar lines as in the converse part of Theorem 2.4.
The next theorem characterises those maps T for which C T is non-expansive. A map T : X → X is said to be µ-expansive, if µ(E) ≤ µ(T (E)) for all E ∈ Σ.
Theorem 2.6. Let (Ω, Σ, µ) be a σ-finite standard Borel measure space. Let T (E) ∈ Σ whenever E ∈ Σ. The following are equivalent.
(
or on rearrangement invariant spaces X and X on a resonant measure space.
Proof. The proof follows from Theorem 2.3 and Theorem 2.4.
Compactness
In this section, we give a necessary and sufficient condition for the compactness of composition operators on L pq (µ), 1 < p < ∞, 1 ≤ q ≤ ∞. Also, we discuss the compactness of the composition operators on rearrangement invariant spaces X on a non-atomic measure space.
Theorem 3.1. Let C T be a composition operator on the Lorentz spaces
L pq (µ), for 1 < p < ∞, 1 ≤ q ≤ ∞, induced
by a non-singular measurable transformation T
on Ω and let {A n } be all the atoms of Ω with µ(A n ) = a n > 0, for each n. Then C T is compact if and only if µ is purely atomic and
µ, so by the RadonNikodym theorem, there exists h ∈ L ∞ (Ω, Σ, µ) such that h is locally integrable on Ω 1 and
Firstly, we prove that µ(E) = 0. Suppose µ(E) = 0. So there is some > 0 such that
So we can choose a contracting sequence {E n } of subsets of E such that for some n • ∈ N, we have
Then f n → 0 weakly, f n pq = 1 and
For n > n • , we have
which implies that C T f n → 0 strongly. This contradicts the compactness of C T . Thus µ(E) = 0. Therefore,
Hence µ is purely atomic. Next, we claim that b n → 0. Suppose the contrary. Then there exists some > 0 such that b n ≥ , for all n ∈ N. Let Ω = ∞ n=1 A n , where each A n is an atom. For each n ∈ N, let
Then for each n, we have
)
and C T f n pq = 1. Also for n = m, since C T f n and C T f m have disjoint supports, we have
which contradicts the compactness of C T . Hence b n → 0. Conversely, since (Ω, Σ, µ) is atomic with atoms A n and b n → 0, note that f and
Then for each λ > 0, we have Proof. Suppose C T is a non-trivial compact composition operator on X. Since C T is bounded and T is non-singular, there exists some h ∈ L ∞ (Ω, Σ, µ) such that h is locally integrable on Ω and
Without loss of generality, we assume that ∈ (0, 1). Since (Ω, Σ, µ) is nonatomic, we can extract a contracting sequence {E n } of subsets of E such that 0 < µ(E n ) < 1/n, for each n > n • , for some n • ∈ N. For each n ≥ 1, set
Then f n → 0 weakly, f n X = 1 and
For n > n • , using the concavity of ϕ X we see that
This implies that C T f n → 0 strongly, which contradicts the compactness of C T .
Spectrum
In this section, we examine the spectrum σ(C T ), the approximate spectrum σ ap (C T ), the point spectrum σ p (C T ) and the compression spectrum σ c (C T ) of a bounded composition operator C T on a general Banach function space X induced by a non-singular measurable transformation T : Ω → Ω. Let U denote the open unit disc and ∂U be the unit circle in the complex plane C. These results generalise the results of Ridge [17] . Using the fact that the norm . X is increasing on X, the following results generalise the results of [17] without any extra effort. µ and C T = 1 on L pq (µ), for 1 < p < ∞, 1 ≤ q < ∞ and σ p (C T ) = {λ ∈ C :| λ |< 1}.
